
Algebra II: Intro to Commutative Algebra

Spring 2022

Instructor: Ashley K. Wheeler Time: Tues, Thurs 330-445p
Email: wheeler@math.gatech.edu Place: Skiles 269

Course pages:

� http://www.math.lsa.umich.edu/~hochster/614F20/614.html

All notes and exercises are here. This is a long course so we will cover as many topics as we can.

� https://wheeler.math.gatech.edu/spring-2022-math-6122-algebra-ii/

Syllabus and recorded lectures posted here.

� Canvas. Announcements posted here. Be sure to have your settings set to receive an email
whenever an announcement is posted.

Office hours: Tues, Wed, Thurs at 530-630p or by appointment. Due to COVID concerns, office hours
will be virtual. Use the BlueJeans link https://bluejeans.com/907087140/.

References:

� M. F. Atiyah and I. G. MacDonald, Introduction to Commutative Algebra, CRC Press, 1994. This
is the standard text on commutative algebra. We will not reallly use it but it’s good to have as a
reference.

� David Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry , Springer, 1995.
A good supplement to Hartshorne’s Algebraic Geometry. You will need it if you plan to do your
project on a chapter from this book. It is also a good reference for the background commutative
algebra, such as homological algebra, in other projects.

� Winifried Bruns and Jürgen Herzog, Cohen-Macaulay rings, Cambridge University Press, 1993.
Beyond the scope of this course but a good reference if you want to continue to study commutative
algebra. You will need it if you decide to do your project on Cohen-Macaulay rings or determinantal
rings.

Objectives: This course is primarily designed for graduate students. Topics covered include local-
ization, Krull dimension, Noether normalization, Hilbert’s Nullstellensatz, chain conditions on rings
and modules, tensor products, projective modules, primary decompostion, divisor class groups, and
completion.

Prerequisites: An introductory grad course in algebra. Background knowledge of algebraic geometry
is not needed.
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Grading policy:

� Exercises (0%). Problem sets are posted on Hochster’s website. I won’t grade them because the
solutions are also posted there. I can’t enforce that you do the exercises, and I understand that
you have other priorities. However, you should do your best to try them.

� Board quizzes (0%). Due to COVID concerns, we can’t have written quizzes, so instead you will
go to the board. About once a week, on Thursdays. You should memorize the definitions and
named theorems from the notes. You will be quizzed on the material from the week before. I will
use a random number generator on my phone to choose someone to go to the board. Since it’s
random, you may end up going to the board twice.

� Final project and presentation (100%). To be done in groups of 2-3. Choose from the list of
suggested topics or choose your own topic, with my approval. You will write a 5-10 page report
about your topic and give a 20 minute presentation during the last days of class. It sounds
daunting, but the project deadlines should guide you!

The topics are beyond the scope of this course, so it is expected that you will be able to fill in
the details about relevant definitions in your report. This may mean you have to consult outside
resources, including textbooks, references given, and even Wikipedia.

At each project deadline meet with me during office hours. You can come to scheduled office
hours or make an appointment. Everyone in your group must attend, but you don’t have to
attend together.

You will be graded on whether you meet the deadlines, whether you attend the office hours for the
deadlines, and on how well you are able to bring your topic down to a first course in commutative
algebra level.

Project deadlines: The dates are when you should meet with me for office hours. Send the project
materials to me before we meet so I have a chance to look at them.

� 11 Jan - 18 Jan: Choose your topic and your group. If you’re unsure about which topic to choose,
or if you can’t find a group, then we can discuss it during office hours.

� 8 Feb - 15 Feb: Read the relevant paper or book chapter. Email me a 1-2 paragraph summary of
what you read.

� 22 Feb - 1 Mar: Email me an outline of what you plan to cover in your report.

� 22 Mar - 29 Mar: Email me the progress on your report. You should have at least 4-5 pages.

� 12 Apr - 19 Apr: Email me your slides. Practice your talk with me during office hours. It’s best to
do this early, so you have time to apply any feedback I give on the slides before your presentation.

� 19 Apr: Report is due. Submit it through email. (no office hours required)

� 21 Apr - 26 Apr: Project presentations. (no office hours required)
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Project topics:

1. Craig Huneke, Hyman Bass and ubiquity: Gorenstein rings. https://arxiv.org/abs/math/

0209199 A very nice expository paper on Gorenstein rings. Many definitions from commutative
algebra are given in this paper, making it a gentle read. See also Chapter 21 of Eisenbud for more
about Gorenstein rings.

2. David Eisenbud, Mark Green, and Joe Harris, Cayley-Bacharach theorems and conjectures. https:
//www.ams.org/bull/1996-33-03/S0273-0979-96-00666-0/S0273-0979-96-00666-0.pdf The
most well-known version of the Cayley-Bacharach theorem says that if a cubic curve passes through
eight of the nine intersection points of two other cubic curves, then it necessarily passes through
the ninth. This paper gives a survey of the different incarnations of the Cayley-Bacharach theorem.

3. John B. Little, The many lives of the twisted cubic. Can be found through the Georgia Tech
library. Look at in particular, section 5. Traces the history of the twisted cubic curve.

4. Erwan Brugallé and Kristin Shaw, A bit of tropical geometry. Can be found through the Georgia
Tech library. A bit off-topic, but nonetheless interesting. Tropical geometry was named for the
Brazillian who pioneered it. It has applications in optimization theory and can be used to prove
things about classical varieties.

5. Zvi Rosen, Jessica Sidman, and Louis Theran, Algebraic matroids in action. https://arxiv.org/
pdf/1809.00865.pdf A matroid is an abstraction of the linearly independent columns of a matrix.
An algebraic matroid can be defined using a prime ideal of a polynomial ring in n variables.

6. Andrew Bashelor, Amy Ksir, and Will Traves, Enumerative algebraic geometry of conics. https://
www.maa.org/programs/maa-awards/writing-awards/enumerative-algebraic-geometry-of-

conics, click on “Read the Article”. Long paper but light on commutative algebra. Given p points,
l lines, and c conics in the plane, how many conics are there that contain the given points, are
tangent to the given lines, and are tangent to the given conics?

7. David Eisenbud, Commutative algebra with a view toward algebraic geometry.

(a) Chapter 16: Modules of differentials. Needs some background in differential geometry. Alge-
braic analogue to the cotangent bundle.

(b) Chapter 17: Regular sequences and the Koszul complex. Regular sequences give an algebraic
analogue to codimension. Koszul complexes measure whether a sequence is regular.

(c) Appendix 3 Part I: Resolutions and derived functors. Typically covered in a second course
on commutative algebra: projective and injective modules, resolutions, complexes, derived
functors, Tor and Ext functors.

(d) Appendix 4: A sketch of local cohomology. Local cohomology is the algebraic analogue of
relative cohomology. Needs some knowledge about sheaves. May need Appendix 3 for defi-
nitions. See also Hochster’s expository paper, Finiteness properties and numerical behavior
of local cohomology.

8. Hochster’s expository papers. Can be found at http://www.math.lsa.umich.edu/~hochster/

mse.html. Topics include:
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(a) Homological conjectures. The Direct Summand Conjecture was an open problem for decades
that was recently proved using big Cohen-Macaulay modules and perfectoid geometry. The
homological conjectures give stronger statements. See Homological conjectures and lim Cohen-
Macaulay sequences and Homological conjectues, old and new. See also Thirteen Open Ques-
tions in Commutative Algebra for more about the Direct Summand Conjecture.

(b) Tight closure. Tight closure is a technique that is useful in shortening difficult proofs in
characteristic p. It was pioneered by Hochster and C. Huneke in the 1980s. Start with Tight
closure theory and characteristic p methods. There are a couple more papers about tight
closure, including lecture notes.

(c) Cohen-Macaulay rings. See the book review for Bruns and Herzog, and Cohen-Macaulay
varieties, geometric complexes and combinatorics. The actual book Bruns and Herzog may
also be useful. A Cohen-Macaulay ring is a ring where the algebraic notion of codimension and
the geometric notion of codimension coincide. There are lots of classes of Cohen-Macaulay
rings.

There are other topics from which to choose, I have only listed the ones that have more than one
reference.

9. Gröbner bases. Useful for testing ideal membership, computing the intersection of two ideals,
and computing the annihilator of a module, among other things. The primary method of com-
putation used in the software Macaulay2. See chapter 15 of Eisenbud and Hochster’s two lecture
introduction to the subject.

10. Determinantal rings. Chapter 7 of Bruns and Herzog. Determinantal rings are an example of
an algebra with straightening law (ASL). The straightening relations are used to deal with the
generators, the minors of an r × n generic matrix.

Class Policy: Regular attendance is essential and expected. Lectures will be recorded and posted to
my website, in case you have to miss class due to COVID. I will wear a mask during class and I strongly
encourage you to do the same. Masks are provided in the classroom.

Academic Honesty: Lack of knowledge of the academic honesty policy is not a reasonable explanation
for a violation. For more information about the Georgia Tech honor code, visit https://osi.gatech.

edu/content/honor-code.
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